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Abstract 

We show the convergence of Kahler Ricci flow directly if the a-invariant of the 
canonical class is greater than Applying these convergence theorems, we can give 
a Kahler Ricci flow proof of Calabi conjecture on such Fano manifolds. In particular, 
the existence of KE metrics on a lot of Fano surfaces can be proved by flow method. 
Note that this geometric conclusion (base d on the s ame ass umpt ion) was established 
earlier via elhptic method by G. Tian (cf. |Tian87| . |Tian9d | and |Tian97t V However, 
a new proof based on Kahler Ricci flow should be still interesting in its own right. 



1 Introduction 

On a Fano manifold, the Kahler Ricci flow was introduced a s a poss ible means to s earch fo r 
Kahler Einstein (KE) metrics. Following Yau's estimate ( YauTSi ] ) . H. D. Cao ( Cao85 |) 
proved that the Kahler Ricci flow with smooth initial metric always exists globally. On a 
KE manifold, the first named author and Tian showed that Kahler Ricci flow converges 
exponential ly fas t towar d the KE metric if the initial metric has positive bisectional cur- 
vature (cf. [CTll |. [CT2| |). One important feature of these two papers is that the authors 
introduced a family of functionals to obtain a uniform C'^-estimate of the evolved poten- 
tial function ip(t, •). Once the uniform C'^-estimate is established, geometry of the evolved 
Kahler metrics is completely controlled and the flow will converge in the holomorphic cat- 
egory. 



Using his famous /x-functional, Perelman proved that scalar curvature, diame ter an d 
normalized Ricci potential are all uniformly bounded along Kahler Ricci flow (cf. [pST| |). 
In 2002, he announced that the Kahler Ricci flow will always converge to the KE metric 
on any KE manifol d. T his result was generalized to manifolds with Kahler Ricci solitons 
by Tian and Zhu ( [tz| |). Based on these fundamental estimates, if we assume that ini- 
t ial m etric has positive bisectional curvature, the flrst named author, S. Sun and Tian 
( CTSf ) proved that the Kahler Ricci flow will converge to a KE metric automatically. 
Consequently, t hey give a Ricci flow pro of of Frankel conjecture wh ich wa s initially proved 
by Siu-Yau (cf. SiY|) and Morri f cf . [Moll ) ind ependent ly. Priori to CTS |. partial progress 
was made in various works, e.g., |Chenj | and PSSW1 |. The study of Kahler Ricci flow is 
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very intense after G. Perelman's fundamental estimates. In this short note, we don't plan 
to analyze all these work s in d e pth. How ev er, we want to list a fe w ref e rence s here f or the 
convenience of readers: 
and references therein. 



Selj, |PSSW3, |PSS|, H, |Eui|> H, |tzJ, |ez3, |fS| 



On a Kahler manifold, Calabi conjectured that it admits a KE metric whenever its 
first Chern class ci has a definite sign or ci vanishes. He pointed out that the existence 
of KE metric is equivalent to the solvability of some Monge- Ampere equation which can 
be attacked by continuity m ethod. This famous Calabi conjecture was proved by S. T. 



Yau in his celebrated work jYau78[ | when ci < or ci = 0. The case of ci < was also 



Au I ) . For t he ca se ci > (Fano manifolds). 



TY| and [Siul |. the e xistence of KE metric 



obtained independently by T. Aubi n (cf. 
situation is much more delicate. In TianS?! ^ ^ ^ ^ 

was proved on some special Fano manifolds. In the celebrated work Tian9Cl( | . Tian finally 
proved the Calabi conjecture in dimension 2. He showed that a Fano surface M admits a 
KE metric if and only if its automorphism grou p is red uctive. In higher dimensional Fano 
manifolds, few general results are known. In [TianSTI ] . Tian introduced the a-invariant 
of a Fano manifold M" and s ubse quently p roved that C'^-estimate holds if a-invariant is 
greater than In TianOd ] and Tian97 |. he showed that C'^-estimate can be obtained 



from the properness of F-functional. Therefore, the Monge-Ampere equation is solvable 
whenever the F- functional is proper or the a-invariant of is greater than Con- 
sequently, there is a KE metric in the canonical class of such Fano manifolds. 



Inspired by these famous works in complex Monge-Ampere equation, we attempt to 
develop some estimates about the potential function (p over Kahler Ricci flow. The core 
issue is to obtain the C^-estimate along the flow. Like the way used in continuity method, 
one can reduce the C'^-estimate of potential functio n t o an integral estimate of ip. This 
point was already observed by Yanir Rubinstein in Rull ]. As an easy application, we can 
prove directly that potential function is uniformly bounded along the flow if a-invariant is 
greater than or F functional is proper. However, the C^-est imate of ip under the con- 
dition F-functional being proper was proved by Tian and Zhu TZp| (cf. Propositions. 1 
of jTZj l also). We thank Tian for pointing this out to us. For the completeness of our 
presentation, we include a proof for the same statement. 



After we obtain the uniform C^-norm of ip, from the Kahler Ricci flow equation 

, ,n 

V = ^og — + If - 



(1) 



and the free boundedness of ip (Lemma l3.ip . one can easily see that every metric oj^ i s uni- 
formly equivalent to the initial metric to. Moreover, the method in section 6 and 7 of [CT2| 
applies directly on equation ([T]) . It follows that all k-th derivatives of (p in the fixed gauge 
are uniformly bounded. Therefore, for every sequence ^ oo, there is a subsequence tj^. 
such that to + —ldd(p{ti^) smoothly converges to a limit metric uj + dd(p{oo) in the same 
gauge. This limit metric must be a KE metric since it is a Kahler Ricci Soliton metric 
with constant scalar curvature (See Section 4 for more details). Therefore, the existence of 



2 



KE metric is already proved. Furthermore, by considering the first eigenvalue of A, ,„, on e 



can even show that this flow converges to a unique KE metric exponentially fast(cf. CTl| ). 



As applications of our theorems, we can prove the existence of KE metrics on a lot 
of Fano surfaces by flow method. By classiflcation theory, every Fano surface with zero 
Futaki invariant is either CP^ x CP\ CP^ or diffeomorphic to Cp2#A:CP^3 < k < 8. As 
CP^ X CP\ CP2 and CF^#3CF^ are aU toric surfaces, the Kahler Ricci flows on them are 



studied in CWl |. The only interesting cases are 4 < A; < 8. Starting from any metric in 
canonical class, we can show the C'^-norms of potential functions are uniformly bounded 
if M ~ Cp2#/cCP^ /c = 4, 5, 7. For M ~ Cp2#6CP^ we can only show that C°-estimate 
hold for some complex structure with nice symmetry. If the symmetry of the complex 
structure is bad, we need to develop other methods to obtain the C'^-estimate, which will 
be discussed together with k = 8 case in a subsequent paper. 

The organization of this paper is as follows. In section 2, we setup the notations and 
basic properties of Kahler geometry. In section 3, we write down some C^-estimates of 
potential function ip along Kahelr Ricci flow. As applications of these estimates, we obtain 
some convergence theorems of Kahler Ricci flow and apply them on Fano surfaces to prove 
Calabi conjecture in section 4. 

The authors wo uld lik e to remark that the results of this paper have importa nt ove rlaps 
with the results of Rul |. Many theorems of this paper are actually implied in |Ru1| . All 



of them are developed by the authors without being aware of the results of [Rul]. We 
thank Y.A. Rubinstein for pointing these overlaps out to us. 

Acknowledgement: Both authors would like to thank G.Tian for many interesting and 
insightful discussions on the Kahler Ricci flow. The bulk of this work was carried out in 
department of Mathematics, University of Wisconsin at Madison. 



2 Basic Kahler Geometry 

Let M be an n-dimensional compact Kahler manifold. A Kahler metric can be given by 
its Kahler form u on M. In local coordinates zi, - ■ ■ ,Zn, this ui is of the form 

n 

UJ = ^ 9ijdz'' Adz^ > 0, 

where {fi'jj} is a positive definite Hermitian matrix function. The Kahler condition requires 
that w is a closed positive (l,l)-form. Given a Kahler metric uj, its volume form is 

cj" = 1 {V^)" det ((^.j) dz^ A A • • • A dz" A dz^. 
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The curvature tensor is 

R. 



V z, J, k,l = 1,2, - ■■ n. 



The Ricci curvature form is 
Ric(Lj) = 

It is a real, closed (l,l)-form and [Ric] = 2ttci{M). 



-1 Rij{uj)d A d ; 



-1(99 log det(g 



kU 



From now on we we assume M has positive first Chern class, i.e., ci(M) > 0. We call 
[lo] as a canonical Kahler class if [lu] = [Ric] = 27rci(M). If we requ ire the initial metric is 
in canonical class, then the normalized Ricci flow (c.f. (author?) Cao85l |) on M is 



dt 



Rij^ 



y i, j = 1,2,' 



, re. 



(2) 



Denote to = co, 



3(0)' ^g(t) 



LO + \/—lddipt. ift is called the Kahler potential and sometime it 



is denoted as for simplicity. On the level of Kahler potentials, Kahler Ricci flow becomes 

|.,„,^ + ,_.„, ,3) 

where hoj is defined by 

Ric(a;) - oj = V-lddK„ and / (e"" - IW = 0. 



— Iddhi^, and / (e 
Jm 

As usual, the flow equation (l2|) or ([3]) is re ferred as the Kahler Ricci flow in canonical 
class of M. It is pr oved by Cao (author?) [Cao85l | . who followed Yau's celebrated work 
(author?) [Yau78l | . that this flow exists globally for any smooth initial Kahler metric in 
the canonical class. 

In this note, we only study Kahler Ricci flow in the canonical class. For the simplicity 
of notation, we may not mention that the flow is in canonical class every time. 



Let ^(M, u;) = {ipluj + \/—ldd(p > 0}. It is shown in Tian87l | that there is a small 
constant 6 > such that 



1 

sup 77 



V 



M 



The supreme of such 6 is called the a-invariant of (M, and it is denoted as a{M,uj). 
Let G be a compact subgroup of Aut(M) and u; is a G-invariant form. We denote 

=^^g(M, cj) = {ip\uj + ^J—lddip > 0, (/9 is invariant under G}. 

Similarly, we can define aciM^uo). 
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For every ip G ^(M, w), we denote uj^ = io + y/—lddip. There are some well known 
functionals defined in this space. 



M 
n-1 



M 



-id^ ^J Auj"^-^-'. 



M 



IfLU 



n-1 . 

1 sr^ i + l 
V ^ n + 1 

i=0 

F^M^F»-log(i / e^' 
^ Jm 



-Idip A dip A A uj'^-^-\ 



M 



M ^ 



M 



(4) 

(5) 
(6) 
(7) 
(8) 



The last functional is the well known M abuc hi K-energy. It is generally defined by its 
derivative. The formula here is proved in [DT|. 

We say is proper on 0^{M,u)) if there exists an increasing function /i : M ^ [c, oo) 
satisfying 

lim ^x{t) = oo; FM > KiM), e ^{M,io). 

t^oo 

Here c is some number. In particular, Fi^ is proper implies that F^ is bounded from below. 

We list some basic prope rties of the se functionals without giving proofs. Interested 
readers are referred to |Dil ]. Tb |. CTll | and references therein for more details. 

Proposition 2.1. Suppose M to be a Fano manifold without nontrivial holomorphic vector 
field. If M admits a KE metric in its canonical class [oo], then F^ is proper in ^(M, w). 

Proposition 2.2. Along Kdhler Ricci flow , ■§TFi^{ipt) < 0, ■§Tiy^{(pt) < 0. 



3 Estimates along Kahler Ricci flow 

As Kahler Ricci flow on Riemannian surface is very clear, we only consider Kahler Ricci 
flow on Fano manifolds with complex dimension n >2. 

We first list some well-known estimates. 

In his unpublished work, Perelman got some deep estimates along Kahler Ricci flow . 
We list his estimates below. The detailed proof can be found in Sesum and Tian's note 
(author?) [PST| |. 



Proposition 3.1 (Perelman's Estimates). Suppose {{M",g{t)),0 <t< oo} to be a Kdhler 
Ricci flow solution. There are two positive constants D, k depending only on this flow such 
that the following two estimates hold. 
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1. Let Rg^ he the scalar curvature under metric gt, h^^^t) Ricci potential of form 

oJ^(t) satisfying y /a/ fi'^"'^'*' "^^(f ) = 1- Then we have 

\\Rgt lie" + diaing, ^ + ll^'^^(t) lico + ll^^^^(t) lico < ^• 

^- ^"^''^^2n^'^''^ > ^^^^y ^ ^ 1)' (^'*) e ^-^ X [0,00). 



In jZhana ] and Yg], Zhang and Ye obtained independently that Sobolev constant is 



uniformly bounded along every Kahler Ricci flow solution on a Fano manifold. 

Proposition 3.2 (Sobolev Constant Estimate). There is a uniform Sobolev constant Cs 
along the Kahler Ricci flow solution {(M",g(t)),0 <t< oo}. In other words, for every 
f G C°°(M), we have 

if l/l^u;P'^<Cs(/ |V/pa;^ + ^/ Ifl'u^). 
Jm Jm V" Jm 



As an application of Perelman's estimate, weak Poincare constant is also bounded along 
Kahler Ricci flow . 

Proposition 3.3 (Weak Poincare Constant Estimate). There is a uniform weak Poincare 
constant Cp along the Kahler Ricci flow solution {{M"^ ,g{t)),Q < t < oo}. In other words, 
for every nonnegative function f G C°°{M), we have 



More details about this Proposition can be found in [T 



Lemma 3.1 (c.f. PSS|). By properly choosing initial condition, we have 

M\co + l|Vvi||co < c 
for some constant C independent of time t. 

From now on, we always choose initial condition properly such that if is uniformly 
bounded. Remember (p satisfies the equation ip = log ^ + 93 — This equation gives us 
a lot information. 

Remark 3.1. When Sobolev constants, Poincare constants and (p are all uniformly bounded, 
we can follow directly from continuity method to estimate \^\qo from integrations of ip. 
This process is described from Lemma to Theorem However, from a conversation 
with Yan ir Ru binstein, we know that this similarity was al ready observ ed by Yanir. Ru- 
binstein RulJ. So these estimates were already implied in Rui] ( See Rui / also). Just 
for the convenience of the readers, we include a complete proof here. 



6 



Lemma 3.2. There is a constant C such that 



T7 I (-V^)^^" <"'SUPV9- V:^ 

V JM M n ^ 



V JM 

In particular, we have 



i=0 



-Idip Adip Auj'^ Auj, 



n-l-i ^ 



M 



T7 [ {-^)uJ^<nsupif + C. 

y JM M 



(9) 



(10) 



Proof. According to Proposition 12.21 F^{{p) is non- increasing along Kahler Ricci flow . 
Therefore, we have 

= F^(0) 

> FM 
= JUf) 



+ [ (_^)^^_log(i 
^ JM y JM 



It follows that 



y JM y JM 



Plugging the expression of functional / and J, we have 



n-l 



n-l 



AuJ Auj] 



n—l—i 



+ log( 



V 



M 



n 1 

n+lV JM 



i=0 



i 1 

y JM 

n 1 



-Idif AdifAuj' A w""-^"* + log( 



1 



M 



, -c^)u;^ + log(- / e-X) 



n-l 



^ n + 1 

i=0 



i 1_ 

V JM 



-ld<f Ad<f aJ Au:"^-^-'. 



Note that is bounded, so we have 



n-l 



-IdifAd^pAuj'Au^-^-'+C 



< n sup if 
M 



n-l 



y JM 



y JM 

~ld(f Adip Auj' AojI 



,n—l—i 



+ c. 



□ 
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Lemma 3.3. There is a small constant 6 and a big constant C depending only on this 
flow such that 

snv^<^ [ (-y^K + C. (11) 

A/ Jm 



Proof. As M is a Fano manifold, we know there are two constants 5, Cs depending only 
on the initial metric lv such that 

sup ^ f e-^^'P-'^'^'^'^^uj'' <Cs- 



ip£3'(M,u)) ^ JM 



In particular, for every time t, (pt satisfies this inequality. Along Kahler Ricci flow , we 
have = e'^~'^"~'^. Plugging this into the previous inequality yields that 



1 

V 



M 



The convexity of exponential function tells us 

1 {5 sup ip + {I - 5)ip - - (f}uj'^ < log Cs. 
V Jm m 

Therefore there is a constant C depending only on this flow such that 

sup^<l^l / (-v^V^ + C. (12) 
M V Jm 



□ 



Lemma 3.4. There is a constant C depending only on the flow such that 

llvllcofM) < C(max{0,sup(/?} + 1). 

^ ' M 



Proof. Lemma 13.21 tells us — / (—99)0;" < n sup 99 + Ci. So we can choose constant 

!_. V Jm m 

C2 > n such that |^ 

i / (-^)u;^ < C2(max{0, sup ^p} + 1). (13) 
V Jm m 

Clearly, sup 99 < max{0, sup (^9} < C2(max{0, sup + 1). Deflne 

mm m 

(p = ip — 2C2(max{0, sup p} + 1). 

m 



^Ci, C2, • ■ ■ have different meaning in different Theorems. 
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We have 

supif < -1, ^ I \(f\uj[ 
M V Jai 

Direct computation shows that 



'^ = Y7 f ^-'^H < 3C2(max{0, sup ^p} + 1) 



Jm Jm 

ip + 1)' 



4 

4p 
4p 



M 



M 



[ mpv^ddmAu:^-^ 

Jm 

ldd(p A oj] 



M 



M 



Let p = 1, we have /^^|V|(^|pu;^ < Jj^j \ip\u:^. Applying Poincare inequahty (Proposi- 
tion [33]) to —(p yields 

/ \^\'u;<Cp{[ |V^|2a;^ + i(/ mco^f) 
Jm Jm ^ Jm 

<Cp{[ + W\u:lf). 

Jm ^ Jm 

Using inequality (fT3]) . we obtain 

(/ |(^|2c^p5 <C3(max{0, sup + (15) 
Jm m 



For general p > 1 , inequality (jl4|) can be rewritten as 

M 4p Jm ^ 4p Jm ^ 

Since Sobolev constants are uniformly bounded along Kahler Ricci flow , standard Moser 
iteration yields that 

m\co<c,{[ 

Jm 



Combining this with inequality ()15p . we obtain 

ll'^llc'o < C3C4(max{0, sup 99} + 1). 



M 
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infA/ > -C 




!m{-vK<c 



sup J,/ if < C ■< /^^ LpLO"^ < C 

5 



Uv) < C 



'f\cO{M) 



< c 



OscMf < C 



Table 1: The relations among bounds 



Remember ip = ip + 2C2(max{0, sup^j- if} + 1). Let C = 2C2 + C3C4 + 1, we have 

ll'^llco(Af) < C(max{0,supv3} + 1). 



□ 



Theorem 3.1. Along Kdhler Ricci flow {{M^ , g(t)),0 <t< 00} in the canonical class of 
Fano manifold M, the following conditions are equivalent. 

• if is uniformly bounded. 

• sup (f is uniformly bounded from above. 

M 

• mf If is uniformly bounded from below. 

• J^^ ipuj^ is uniformly bounded from above. 

• Jj^^{—ip)uj'^ is uniformly bounded from above. 

• Iuj{(p) is uniformly bounded. 

• OscMf is uniformly bounded. 



Proof. Look at Table [H it contains three circles: (1234), (256) and (12789). In order 
to prove this theorem, we only need to show the induction go through in every circle. 
However, step 1 is nothing but Lemma 13.31 step 2 is just Lemma 13.41 steps 3, 4, 5, 7 are 
trivial. So only steps 6, 8, 9 need proof. 

Step 6. Jjyj (fuj"^ bounded from above ^ sup (p bounded from above. 

M 

Since u! + \/—lddip > 0, take trace under metric to, we have —A 93 < n. Plugging it 
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into Green's function formula implies 

^ Jai ^ Jm 

^ Jm ^ Jai 

^ Jai 

Here G is the nonnegative Green function of {M,uj), p is any point in M. It follows that 

sup(/9<-^ / ipuj'^'' + Ci. 
Ai V Jai 

Therefore sup (p is bounded from above whenever Jj^^ ipijo"^ is bounded from above. 

M 

Step 8. Oscm^ bounded =^ Iu;{^) bounded. 

Note that I^{ip) = y J^j 990;" - y J^j ipuS^ < snpjyj ip - voIm f = OscmP- 
Step 9. Iuj{ip) bounded ^ jj^,^{—ip)uj'^ bounded from above. 

The Kahler Ricci flow equation yields 

^ JNi ^ Jai 

{-v3-/i^}u;" 



1 

V 



AI 



< G2. (16) 
Here we used the fact that both (p and are uniformly bounded. Therefore, we have 

i / {-^)u:l = IM + i / {-^)u;- < IM + C (17) 
V Jai ^ Jm 

This means that lui^) is bounded implies /^(— (^5)0;^ is bounded from above. □ 

4 Application of the Estimates 

If ip is uniformly bounded along the Kahler Ricci flow, then there must be a KE metric in 
the canonical class. Actually, as we discussed in the introduction, there is a limit metric 
form cjoo = uj+y/—lddipoo in the canonical class. As both ip and h^^^ (Perelman's estimate) 
are uniformly bounded along the flow, it's easy to see from the definition of the functionals 
that Iuj{p), Juj{(p), F^{{p) and i^u){ip) are all bounded. In particular, the ii'-energy i^ui{(p) is 
bounded fro m bel ow. Therefore ojoo must be a metric with constant scalar curvature (cf. 
section 7 of |ct3, or [PSSWl| ). On the other hand, critical metric of Perelman's 
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W-functional, lVoo must be a Kahler Ricci soliton. So there is a smooth function / such 
that 

-^ij + fij ~ 9ij — 0) fij — fij — 0- 

Taking trace yields R + A^^^/ — 2 = 0. Since R is constant, A^^^/ has to be a constant 
and consequently zero. It follows that / is a constant and we have = g^j under the 
metric lOoo- This means Woo is a KE metric in the canonical class. Notice our convergence 
is in a fixed gauge, every limit KE metric form lJoo is compatible with the original complex 
structure. There is no "jump " of complex structure at all in this limit process. Using the 



method in CTll | and [CT2l | , we are able to show that the Kahler Ricci flow converges 
exponentially fast to a KE metric. 

Therefore, as corollary of Theorem 13.11 we have the following theorems. 

Theorem 4.1. {(M",g(i)),0 <t< oo} is a Kahler Ricci flow solution initiating from a 
G-invariant metric u. a.G{M,uj) > Then this flow converges exponentially fast to a 

KE metric. 

Proof. We only need to show ip is uniformly bounded along the flow. 

Recall Lemma 13.21 and Lemma 13.31 Combining inequality (jlOj) and ()lip , we have 

— / (-99)0;" < nsup(/5 + Ci < n • — J— — / {-ip)uj^ + C2. 
V Jm ^ m d V Jm 

Since ac > we can choose 5 > such that n ■ < 1. Therefore, 

(l-ni^)i / (-^K<C2. 



6 'V 



M 



It follows that both y J^^{—(p)ujJ^ and supy? are uniformly bounded. So Theorem 13.11 

M 

implies that ip is uniformly bounded. □ 

Remark 4.1. This theorem implies the existence of KE metric on a lot of Fano mani fold s. 
For example, every Fano manifold M without G-invariant multiplier ideal sheaf (See \N(\ ]) 
has aciM^Lo) > 1 > Therefore KE metric exists in its canonical class. 



On a Mukai-Umemura 3-fold M, Donaldson f \DoA j) showed that 050(3) (M, 



= I > 



^ . Therefore Calabi conjecture holds on this manifold. 
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Theorem 4.2 (|tz3). {(M",5(t)),0 < t < 00} is a Kahler Ricci flow solution initiating 



from uj. F^ is proper on the space ^(M",ci;). Then this flow converges exponentially fast 
to a KE metric. 

Proof. As F is proper and F^{ip) < Fi^{0) along Kahler Ricci flow , we see that luji^p) is 
uniformly bounded. So ip is uniformly bounded. □ 
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Perelman has claimed that the Kahler Ricci flow will converge to the KE met ric if KE 
metric exists in the canonical class (A generalization of this claim is proved in [tz| ). These 
two theorems can be achieved directly from Tian's existence theorem of KE metrics and 
Perelman's claim. However, we obtain these theorems from Ricci flow without assuming 
the existence of KE metric. 

Lemma 4.1. Suppose (A/",a;) is a Fano manifold, (N^^ujke) is a Kdhler Einstein man- 
ifold, TT : M N is a branched covering map satisfying [7r*uJKE] = Aci(M) for some 
number X > 1, G is the deck transformation group and uj is G -invariant. 

If /jv/( "" "^n^ )~''u)"' < oo for some 7 > jr^, then the Kdhler Ricci flow initiating from 
{M, to) will converge exponentially fast to a KE metric. In particular, there exists a KE 
metric on M. 

Proof. For simplicity, we suppose this covering is p-sheeted, i.e., |G| = p. We denote / as 
the smooth function ^ . Let ip = (ft, 'k*{jU!ke) = w + \/—lddu, we have 

FM = F^{^)-logd [ e^--^u-) 

= F°(n)+FO.,i Jip-u)-log{^ [ e-^O. 



Note that ti is a fixed function and F^{u) is a fixed number. So we have 



-FO^^(Avr,(<^-n))-C. (18) 



The last step is well defined since if is G-invariant. Notice that F^^^ (A7r^,((/9 — u)) is 
bounded from below. It follows from inequality p8p that 

> i{F^^,^(Avr,(v.-^x)) + log(;^^-j|^ 

X p Voi(iv) 

>ilog(/ e-'^n*u;-^E)-C. 



(19) 



In the last step, we used the property that u is bounded on M. 
Let (3 = ;^pY > 1. Holder inequality implies 

M Jm 



< 



{[ e-^^/u;")^(/" r^a;")^. 
Jm Jm 
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As Jj^ f '^ijf^ is a finite number, we have 

JM Jm 

It follows that 

^log(/ e-^^7r*<^)>-C + log(/ e-f'^u-) 
7 + 1 Jm Jm 



Putting this inequality into p9|) gives us 



(7 + 1) 



^ log( / e-'^^ • e^-^--^cj") - C 



M 



A7 

>^log(/ e(i-^)X)-C- 

P JM 

The convexity of exponential map together with monotonicity of Fi^{ip) implies that 

= Fuo) > FM > ^-^—^ [ (-(^)u;^ - a 

P Jm 

As P — 1 > 0, the previous inequality implies Jj,^(— is uniformly bounded from 
above along the flow. By Theorem 13 -H we know (p is uniformly bounded along the flow. 
Therefore this flow converges exponentially fast to a KE metric. 

□ 

If we denote -^(vr) C M as the ramification divisor of vr. Choose x € i?(vr), let s be the 
defining holomorphic function (locally defined ) of i?(vr) at x. Define 

ax{R{TT)) — sup{A > : is on a neighborhood of x.} 

a{R{TT)) = inf a^(i?(7r)). 

Note that a(i?(7r)) = 1 if R{tt) is a reduced smooth divisor. Denote 

c^sup{A>0|/' < 00}. 

Jm 



It's shown in jArl | (Lemma 2.8) that c = a(i?(7r)). Therefore, we have the following 
theorem. 

Theorem 4.3. Suppose (M",a;) is a Fano manifold, (N"^ ,ujke) is a Kdhler Einstein 
manifold, tt : M ^ N is a branched covering map satisfying [■k*ujke\ = Aci(M) for some 
number A > 1. i?(7r) is the ramification divisor of tt, G is the deck transformation group 
and uj is G-invariant. 

If a{R{'K)) > j^, then the Kdhler Ricci flow initiating from (M, w) will converge 
exponentially fast to a KE metric. In particular, there exists a KE metric on M . 
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As in [All], we can generalize this theorem to multiple covers. We first fix some nota- 
tions. 

I 

Let Do, • • • be divisors of M . Fix x G Dj. Let /j be the local defining holomorphic 
functions of Di. Define 

ax{DQ, ■ ■ ■ ,Di) = sup{5 > : (|/o| + • • • \ fi\)~'^^ is on a neighborhood of x}. 
a{DQ,- ■ ■ ,Di) = inf ^^.(Do, • • • , A)- 

xGU -=0 A 

Then Theorem 14.31 can be generalized as the following. 

Theorem 4.4. Suppose (M",u;) is a Fano manifold, {N^^ ,ujke),0 < i < I is a Kdhler 
Einstein manifold, VTj : M Ni is a branched covering map satisfying [11*1^ ke] = AjCi(Af) 
for some number Aj > 1. R{'Ki) is the ramification divisor o/vTj, Gj is the deck transfor- 
mation group and oo is Gi-invariant for every < i < I. 

If a{R{'KQ) , ■ ■ ■ ,R{tti)) > max- , then the Kdhler Ricci flow initiating from (M, u;) 

o<i<i A,- — 1 



will converge exponentially fast to a KE metric. In particular, if |^ R{TTi) = 0, then the 
Kdhler Ricci flow initiating from (M, cu) will converge exponentially fast to a KE metric. 

Then let's apply previous theorems on Fano surfaces. 

Corollary 4.1 ( |Heil | ) . Let M be a Fano surface and M ~ CP^7^4CP'^. oj is a metric form 
in canonical class. Then the Kdhler Ricci flow initiating from uj converges exponentially 
fast to a KE metric. 

Proof. First we show that there exists a KE metric in the canonical class. Start Kahler 
Ricci flow from a metric ojq wh ich i s invariant under the finite automorphism group G. 



Remember aG'(M, wq) > | (See TY |). Theorem 14.11 implies the existence of KE metric in 
the canonical class. 

Now we consider the Kahler Ricci flow initiating from any metric 00 in the canonical 
class. Note that M has no nontrivial holomorphic vector field. By Proposition 12. H F^ 
is proper since the existence of a KE metric. By Theorem 14. 2^ we obtain the result we 
need. □ 

Corollary 4.2. Let M be a Fano surface and M ~ CP^^^/cCP^, k = 5,7. to is a metric 
form in canonical class. Then the Kdhler Ricci flow initiating from uj converges exponen- 
tially fast to a KE metric. 

Proof. As Aut{M) is discrete for each such M, the existence of KE metric will imply the 
properness of F^^ by Proposition 12.11 Therefore, by theorem 14. 2^ we only need to show the 
existence of a KE metric. We will use Kahler Ricci fiow with symmetry to find the KE 
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metric. The main tools are Theorem 14.31 and Theorem I4.4i For the construction of the 
branched coverings, see [Del ] for details. 

Casel. M ~ CP^^SCP^ 

Let Nq = Ni = N2 = N-i = Ni = CP^ x CP\ we can construct vTi : M ^ A^^, < i < 4 
such that 

4 

Moreover, let Gi be the deck transformation for covering vTj, we can find a metric u; which 

is invariant under every Gi . Theorem 14.41 applies and Kahler Ricci flow tends to a KE 

4 



metric in Q ^G,(M,a;). 



i=Q 

Actually, M ~ CP^^SCP can be embedded into CP^ as the complete intersection of 
two quadrics Qi and Q2- By the result of Miles Reid ( |Rel| ) . we can find a coordinate 
system of CP^ such that 

Qi = {^0 + xl + xl + xl + xl = 0} 
Q2 = {ao^l H + a^xl = 0} 

where 7^ aj when i ^ j. As M = Qi n Q2, by "forgetting" xq, we obtain a projection 
map ttq: M ^ No C CP^ where 

No = {{xi : X2 : X3 : 3:4)1(01 - ao)xf H (04 - ao)x| = 0}. 

So A^o is a smooth quadratic surface in CP'^. It is biholomorphic to CP^ x CP^ and it 
admits a KE metric. Similarly, we can define vTj, 1 < z < 4. We have 

4 4 

f|i?(7r,) C = O}=0. 

1=0 i=0 

Gi = 7j2 and it acts on M by multiplying ±1 on the i-th coordinate. Clearly, by taking 
average, we can find a metric uj which is invariant under ©^^qGj. 

Case2. M ~ Cp2#7CP^ 

In this case, M is a branched double cover of iV = CP2. R{ir) is a smooth curve, so 
a{R{TT)) = 1. [tt^{ujke)] = 3ci(M), so A = 3. Clearly, a{R{7r)) = 1 > ^ = 1. So 
Theorem 14.31 applies and there exists a KE metric in ^(^(M, w). 

□ 

Corollary 4.3. Let M be a Fano surface and M ~ CP^#6CP^. It is well known that M 
is a cubic surface in CP^. Suppose that 

M = {xl + ---xf + f{xi,--- ,rE3) = 0}cCp3 

for some I > 1. u is a metric form in canonical class. Then the Kdhler Ricci flow initiating 
from UJ converges exponentially fast to a KE metric. 
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Proof. As in the previous two corollaries, we only need to prove the existence of KE metric. 
In this case, M admits / + 1 branched covering vTj : M ^ Ni = obtained by 

7r(xo, • • • , xs) = (xo, • • • , fj, • • • , X3), 0<i<l. 

Gi = Z3 acts by multiplication of roots of = 1 on the i-th coordinate of CP^. Direct 
coinputation shows [T^ii^Fs)] = 3ci(ilf) for every < i < /. As argued in Proposition 3.1 
of Ai|, we can obtain 

a(i?(7ro),--- ,R{tti)) > = ^. 

So Theorem 14. 41 applies . Starting from an lo which is invariant under ©'^qGj, Kahler Ricci 
flow will converge to a KE metric. □ 

For those cubic surfaces (CP^^6CP^) with bad symmetry, i.e., those cubic surfaces 
whose equations cannot be written as in Corollary 14.31 we have other methods to study 
the behavior of Kahler Ricci flow on it, which will be discussed together with Kahler Ricci 
flow on CP2#8CP in a subsequent paper. 



Rema rk 4 .2. On CP^^4CP^ and CP^^SCP^ with special complex structure, Gordon 
Heier f \He\ ]) proved the conve rgence of Kahler Ricci flow by multiplier ideal sheaf method. 
This method is first studied in fo r gen eral Kahler Ricci flow on Fano manifolds. It 

is improved by Yanir A. Rubinstein in \Ru1 ]. 
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